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PRINCIPAL NONCOMMUTATIVE TORUS BUNDLES
SIEGFRIED ECHTERHOFF, RYSZARD NEST, AND HERVE OYONO-OYONO
Abstract. In this paper we study continuous bundles of C*-algebras which are non-
commutative analogues of principal torus bundles. We show that all such bundles, although
in general being very far away from being locally trivial bundles, are at least locally
RKK-trivial. Using earlier results of Echterhoff and Williams, we shall give a complete
classification of principal non-commutative torus bundles up to Tn-equivariant Morita
equivalence. We then study these bundles as topological fibrations (forgetting the group
action) and give necessary and sufficient conditions for any non-commutative principal torus
bundle being RKK-equivalent to a commutative one. As an application of our methods we
shall also give a K-theoretic characterization of those principal Tn-bundles with H-flux, as
studied by Mathai and Rosenberg which possess ”classical” T -duals.
0. Introduction
In this paper we want to start a general study of C*-algebra bundles over locally compact
base spaces X which are non-commutative analogues of Serre fibrations in topology. Before
we shall proof some general results for analysing such bundles in a forthcoming paper [10]
(e.g., by proving a general spectral sequence for computing the K-theory of the algebra of
the total bundle) we want to introduce in this paper our most basic (and probably also most
interesting) toy examples, namely the non-commutative analogues of principal torus bundles
as defined below.
Recall that a locally compact principal Tn-bundle q : Y → X consists of a locally compact
space Y equipped with a free action of Tn on Y such that q : Y → X identifies the orbit
space Tn\Y with X. In order to introduce a suitable non-commutative analogue, we recall
that from Green’s theorem [14] we have
C0(Y )⋊ T
n ∼= C0(X,K)
for the crossed product by the action of Tn on Y , where K denotes the algebra of compact
operators on the infinite dimensional separable Hilbert space. Using this observation, we
introduce NCP Tn-bundles as follows
Definition 0.1. By a (possibly) noncommutative principal Tn-bundle (or NCP Tn-bundle)
over X we understand a separable C*-algebra bundle A(X) together with a fibre-wise action
α : Tn → Aut(A(X)) such that
A(X)⋊α T
n ∼= C0(X,K)
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as C*-algebra bundles over X.
We should note that by a C*-algebra bundle over X we simply understand a C0(X)-algebra,
i.e., a C*-algebra A which is equipped with a C0(X)-bimodule structure given by a non-
degenerate ∗-homomorphism ΦA : C0(X)→ ZM(A), where ZM(A) denotes the centre of the
multiplier algebraM(A) of A. The fibreAx of A(X) over x ∈ X is then defined as the quotient
of A(X) by the ideal Ix := Φ
(
C0(X \ {x})
)
A(X). We call an action α : G → Aut(A(X))
fibre-wise if it is C0(X)-linear in the sense that
αs(ΦA(f)a) = ΦA(f)(αs(a)) for all f ∈ C0(X), a ∈ A.
This implies that α induces actions αx on the fibres Ax for all x ∈ X and the crossed
product A(X) ⋊α G is again a C*-algebra bundle (i.e. C0(X)-algebra) with structure map
ΦA⋊G : C0(X) → ZM(A ⋊G) given by the composition of ΦA with the canonical inclusion
M(A) ⊆M(A⋊G), and with fibres Ax⋊αxG (at least if we consider the full crossed products).
If A(X) is a NCP Tn-bundle, then the crossed product A(X) ⋊α T
n ∼= C0(X,K) comes
equipped with the dual action of Zn ∼= T̂n, and then the Takesaki-Takai duality theorem tells
us that
A(X) ∼M C0(X,K) ⋊bα Z
n
as C*-algebra bundles over X, where ∼M denotes X × T
n-equivariant Morita equivalence.
The corresponding action of Zn on C0(X,K) is also fibre-wise. Conversely, if we start with
any fibre-wise action β : Zn → Aut(C0(X,K)), the Takesaki-Takai duality theorem implies
that
A(X) = C0(X,K) ⋊β Z
n
is a NCP Tn-bundle. Thus, up to a suitable notion of Morita equivalence, the NCP Tn-
bundles are precisely the crossed products C0(X,K)⋊β Z
n for some fibre-wise action β of Zn
on C0(X,K) and equipped with the dual T
n-action.
Using this translation, the results of [11, 12] provide a complete classification of NCP Tn-
bundles up to Tn-equivariant Morita equivalence in terms of pairs ([q : Y → X], f), where
[q : Y → X] denotes the isomorphism class of a commutative principal Tn-bundle q : Y → X
over X and f : X → T
n(n−1)
2 is a certain “classifying” map of the bundle (see §2 below for
more details).
In this paper we are mainly interested in the topological structure of the underlying non-
commutative fibration A(X) after forgetting the Tn-action. Note that these bundles are
in general quite irregular. To see this let us briefly discuss the Heisenberg bundle, which
is probably the most prominent example of a NCP torus bundle: Let C∗(H) denote the
C*-group algebra of the discrete Heisenberg group
H =
{(
1 n k
0 1 m
0 0 1
)
: n,m, k ∈ Z
}
.
The centre of this algebra is equal to C∗(Z) with Z =
{(
1 0 k
0 1 0
0 0 1
)
: k ∈ Z
}
∼= Z the centre of
H. Hence we have Z(C∗(H)) ∼= C∗(Z) ∼= C(T) which implements a canonical C*-algebra
bundle structure on C∗(H) with base T. It is well documented in the literature (e.g. see
[1]) that the fibre of this bundle at z ∈ T is isomorphic to the non-commutative 2-torus Aθ
ON NONCOMMUTATIVE TORUS BUNDLES 3
if z = e2πiθ. Moreover, there is an obvious fibre-wise T2-action on C∗(H), namely the dual
action of Ĥ/Z ∼= T2, and one can check that
C∗(H)⋊ T2 ∼= C(T,K)
as bundles over T. Since the non-commutative 2-tori Aθ differ substantially for different values
of θ (e.g. they are simple for irrational θ and non-simple for rational θ), the Heisenberg bundle
is quite irregular in any classical sense.
But we shall see in this paper that, nevertheless, all NCP Tn-bundles are locally trivial in
a K-theoretical sense. This shows up if we change from the category of C*-algebra bundles
over X with bundle preserving (i.e., C0(X)-linear) ∗-homomorphisms to the category RKKX
of C*-algebra bundles over X with morphisms given by the elements of Kasparov’s group
RKK(X;A(X), B(X)). Isomorphic bundles A(X) and B(X) in this category are precisely
the RKK-equivalent bundles. The first observation we can make is the following
Theorem 0.2. Any NCP Tn-bundle A(X) is locally RKK-trivial. This means that for every
x ∈ X there is a neighbourhood Ux of x such that the restriction A(Ux) of A(X) to Ux is
RKK-equivalent to the trivial bundle C0(Ux, Ax).
The proof is given in Corollary 3.4 below. Having this result, it is natural to ask the
following questions:
Question 1: Suppose that A0(X) and A1(X) are two non-commutative T
n-bundles
over X. Under what conditions is A1(X) RKK-equivalent to A2(X)?
Actually, in this paper we will only give a partial answer to the above question. But we
shall give a complete answer, at least for (locally) path connected spaces X, to
Question 2: Which non-commutative principal Tn-bundles are RKK-equivalent to a
“commutative” Tn-bundle?
A basic tool for our study of RKK-equivalence of non-commutative torus bundles will be
the K-theory group bundle K∗ := {K∗(Ax) : x ∈ X} associated to A(X) and/or a certain
associated action of the fundamental group π1(X) on the fibresK∗(Ax) ifX is path-connected.
The answer to Question 2 is then given by
Theorem 0.3. Let A(X) be a NCP Tn-bundle with X path connected. Then the following
are equivalent:
(i) A(X) is RKK-equivalent to a commutative principal Tn-bundle.
(ii) The K-theory bundle K∗(A(X)) is trivial.
(iii) The action of π1(X) on the fibres K∗(Ax) of the K-theory bundle is trivial.
In the case where n = 2 we can determine the RKK-equivalence classes up to a twisting
by commutative principal bundles and we shall obtain a slightly weaker result in case n = 3
(see Theorem 7.5 below). But this still does not give a complete answer to Question 1.
Another obvious obstruction for RKK-equivalence is given by the K-theory group of the
“total space” A(X): If K∗(A0(X)) 6= K∗(A1(X)), then clearly A0(X) and A1(X) are not
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RKK-equivalent, since RKK-equivalence implies KK-equivalence. Using this obstruction
we can easily see that the Hopf-fibration p : S3 → S2 and the trivial bundle S2 × T are
principal T-bundles which are notRKK-equivalent (i.e., C(S3) is notRKK(S2; ·, ·)-equivalent
to C(S2 × T)), since K0(C(S
3)) = Z while K0(C(S
2 × T)) = Z2, although, S2 being simply
connected, their K-theory group bundles are trivial and thus isomorphic. However, in general
it is not so easy to compute the K-theory groups of the algebras A(X)! Since, as mentioned
above, our bundles behave like Serre fibrations in commutative topology, one should expect
the existence of a generalized Leray Serre spectral sequence which relates the K-theory group
of the total space A(X) to the K-theory of the base and the fibres. Indeed, such spectral
sequence does exist with E2-term given by the cohomology of X with local coefficients in the
K-theory group bundle K∗(A(X)), but we postpone the details of this to the forthcoming
paper [10].
This paper is organized as follows: after a preliminary section on C*-algebra bundles we
start in §2 with the classification of NCP Tn-bundles based on [11, 12]. We then proceed in §3
by showing that all NCP bundles are locally RKK-trivial before we introduce the K-theory
group bundle and the action π1(X) on the fibres of such bundles in §4. This action will be
determined in detail for the case n = 2 in §5, and, building on the two-dimensional case the
π1(X)-action will be described in general case in §6. In §7 we will then give our main results
on RKK-equivalence of NCP bundles as explained above.
In our final section, §8 we give some application of our results to the study of T -duals
of principal Tn-bundles q : Y → X with H-flux δ ∈ H3(Y,Z) as studied by Mathai and
Rosenberg in [23, 24]. The corresponding stable continuous-trace algebras CT (Y, δ) can then
regarded as C*-algebra bundles over X with fibres isomorphic to C(Tn,K) (it follows from
the fact that CT (Y, δ) is assumed to carry an action of Rn which restricts on the base Y to the
action inflated from the given action of Tn on Y , that the Dixmier-Douady class δ is trivial
on the fibres Yx ∼= T
n). We can then study the K-theory group bundle K∗(CT (Y, δ)) over
X with fibres K∗(C(Yx,K)) ∼= K∗(C(T
n)) for x ∈ X. Following [23, 24] we say that (Y, δ)
has a classical T -dual (Ŷ , δ̂) if and only if one can find an action β : Rn → Aut(CT (Y, δ))
as above, such that the crossed product CT (Y, δ)⋊β R
n is again a continuous-trace algebra,
and hence isomorphic to some CT (Ŷ , δ̂) for some principal Tn-bundle qˆ : Ŷ → X and some
H-flux δ̂ ∈ H3(Ŷ ,Z). Combining our results with [24, Theorems 2.3 and 3.1] we show
Theorem 0.4. Suppose that X is (locally) path connected. Then the pair (Y, δ) has a classical
T -dual (Ŷ , δ̂) if and only if the associated K-theory group bundle K∗(CT (Y, δ)) over X is
trivial.
1. Preliminaries on C*-algebra bundles.
In this section we want to set up some basic results on C*-algebra bundles which are used
throughout this paper. As explained in the introduction, we use the term C*-algebra bundle
as a more suggestive word for what is also known as a C0(X)-algebra in the literature, and we
already recalled the definition of these objects in the introduction. Recall that for x ∈ X the
fibre Ax of A(X) at x was defined as the quotient Ax = A(X)/Ix with Ix = C0(X \{x})A(X)
(throughout the paper we shall simply write g · a for Φ(g)a if g ∈ C0(X) and a ∈ A). If
a ∈ A(X), we put a(x) := a + Ix ∈ Ax. In this way we may view the elements a ∈ A(X)
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as sections of the bundle {Ax : x ∈ X}. The function x 7→ ‖a(x)‖ is then always upper
semi-continuous and vanishes at infinity on X. Moreover, we have
‖a‖ = sup
x∈X
‖a(x)‖ for all a ∈ A(X).
This and many more details can be found in [31, Appendix C].
If A(X) is a C*-algebra bundle, Y is a locally compact space and f : Y → X is a continuous
map, then the pull-back f∗A of A(X) along f is defined as the balanced tensor product
f∗A := C0(Y )⊗C0(X) A,
where the C0(X)-structure on C0(Y ) is given via g 7→ g ◦ f ∈ Cb(Y ) = M(C0(Y )). The
∗-homomorphism
C0(Y )→ C0(Y )⊗C0(X) A; g 7→ g ⊗ 1
provides f∗A with a canonical structure as a C*-algebra bundle over Y with fibre f∗Ay =
Af(y) for all y ∈ Y . We shall therefore use the notation f
∗A(Y ) to indicate this structure.
In particular, if Z ⊆ X is a locally compact subset of X the pull-back A(Z) := i∗ZA of A
along the inclusion map iZ : Z → X becomes a C*-algebra bundle over Z which we call the
restriction of A(X) to Z. The following lemma is well known. A proof can be found in [12].
Lemma 1.1. Suppose that A(X) is a C*-algebra bundle and let Z be a closed subset of X
with complement U := X rZ. Then there is a canonical short exact sequence of C∗-algebras
0→ A(U)→ A(X)→ A(Z)→ 0.
The quotient map A→ A(Z) is given by restriction of sections in A(X) to Z and the inclusion
A(U) ⊆ A(X) is given via the ∗-homomorphism
C0(U)⊗C0(X) A(X)→ A(X); g ⊗ a 7→ g · a
(which makes sense since C0(U) ⊆ C0(X)).
Remark 1.2. It might be useful to remark the following relation between taking pull-backs
and restricting to subspaces: assume that A is a C0(X)-algebra and f : Y → X is a continuous
map. Then the tensor product C0(Y ) ⊗ A(X) becomes a C*-algebra bundle over Y × X
via the the canonical imbedding of C0(Y × X) ∼= C0(Y ) ⊗ C0(X) into ZM(C0(Y ) ⊗ A).
The pull-back f∗A(Y ) then coincides with the restriction of C0(Y ) ⊗ A(X) to the graph
Y ∼= {(y, f(y)) : y ∈ Y } ⊆ Y ×X.
Recall that a continuous map f : Y → X between two locally compact spaces is called
proper if the inverse images of compact sets in X are compact. If f : Y → X is proper, then
f induces a non-degenerate ∗-homomorphism φf : C0(X)→ C0(Y ); g 7→ g ◦ f . We shall now
extend this observation to C*-algebra bundles.
Lemma 1.3. Assume that A(X) is a C*-algebra bundle and that f : Y → X is a proper
map. Then,
(i) for any a in A, the element 1 ⊗ a of M(f∗A(Y )) actually lies in f∗A(Y ) =
C0(Y )⊗C0(X) A(X);
(ii) there exists a well defined ∗-homomorphism Φf : A(X)→ f
∗A(Y ); given by Φf (a) =
1⊗ a.
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(iii) If g : Z → Y is another proper map, then Φf◦g = Φg ◦ Φf .
(iv) In particular, if f is a homeomorphism, then Φf is an isomorphism.
Proof. Notice that for any continuous map f : Y → X the map Φf : A(X) → M(f
∗A(Y ))
given by Φf (a) = 1 ⊗ a is a well defined ∗-homomorphism. Thus we only have to show
that, in case where f is proper, the image lies in f∗A(Y ). Note that via the above map
each a ∈ A(X) is mapped to the section a˜ of the bundle f∗A(Y ) with a˜(y) = a(f(y)). If f is
proper, it follows that the norm function y 7→ ‖a˜(y)‖ = ‖a(f(y))‖ vanishes at∞. Now choose
a net of compacts {Ci}ı∈I in Y and continuous compactly supported functions χi : Y → [0, 1]
with χi|Ci ≡ 1. Then the image of χi⊗a in f
∗A(Y ) will converge to a˜ in norm, which clearly
implies that a˜ ∈ f∗A(Y ). All other conditions now follow from the fact that (g ◦ f)∗A(Z) is
canonically isomorphic to g∗(f∗A)(Z). 
2. Classification of non-commutative torus bundles
As noted already in the introduction, the NCP torus bundles A(X) can be realized up to
Tn-equivariant Morita equivalence over X as crossed products C0(X,K)⋊Z
n, equipped with
the dual Tn-action, where Zn acts fibre-wise on the trivial bundle C0(X,K). For the necessary
background on equivariant Morita equivalence with respect to dual actions of abelian groups
we refer to [7, 8], and for the necessary background on crossed products by fibre-wise actions
we refer to [11, 12] or [22]. We should then make the translation of NCP torus bundles to
Zn-actions more precise:
Proposition 2.1. Every NCP Tn-bundle A(X) is Tn-equivariantly Morita equivalent over
X to some crossed product C0(X,K)⋊Z
n, where Zn acts fibre-wise on C0(X,K), and where
the Tn-action on C0(X,K) ⋊ Z
n is the dual action.
Moreover, two bundles A(X) = C0(X,K) ⋊α Z
n and B(X) = C0(X,K) ⋊β Z
n are Tn-
equivariantly Morita equivalent over X if and only if the two actions α, β : Zn → C0(X,K)
are Morita equivalent over X.
Using the above Proposition together with the results of [11, 12] we can give a complete
classification of NCP torus bundles up to equivariant Morita equivalence over X. In general,
if G is a (second countable) locally compact group, it is shown in [11, Proposition 5.1] that
two fibre-wise actions α and β on C0(X,K) are G-equivariantly Morita equivalent over X
if and only if they are exterior equivalent, i.e., there exists a continuous map v : G →
UM(C0(X,K)) ∼= C(X,U) such that
αs = Ad vs ◦ βs and vst = vsβs(vt)
for all s, t ∈ G, where U = U(l2(N)) denotes the unitary group. Note that exterior equivalent
actions have isomorphic crossed products (e.g. see [21]). It is shown in [11] (following the
ideas of [4]), that the set EG(X) of all exterior equivalence classes [α] of fibre-wise actions
α : G→ AutC0(X)(C0(X,K)) forms a group with multiplication given by
[α][β] = [α⊗C0(X) β]
where α⊗C0(X) β denotes the diagonal action on
C0(X,K) ⊗C0(X) C0(X,K)
∼= C0(X,K ⊗K) ∼= C0(X,K).
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Hence, it follows from Proposition 2.1 that the problem of classifying NCP Tn-bundles over
X up to equivariant Morita equivalence is equivalent to the problem of describing the group
EZn(X)!
We first consider the case X = {pt}, i.e., the classification of group actions on K up to
exterior equivalence. Let PU = U/T1 denote the projective unitary group. Then PU ∼=
Aut(K) via [V ] 7→ AdV and an action of G on K is a strongly continuous homomorphism
α : G→ PU . Choose a Borel lift V : G→ U for α. It is then easy to check that
VsVt = ωα(s, t)Vst
for some Borel group-cocycle ωα ∈ Z
2(G,T). One can then show that
EG({pt})→ H
2(G,T); [α] 7→ [ωα]
is an isomorphism of groups. To describe the crossed product K ⋊α G in terms of [ωα] we
have to recall the construction of the twisted group algebra C∗(G,ωα): It is defined as the
enveloping C∗-algebra of the twisted L1-algebra L1(G,ωα), which is defined as the Banach
space L1(G) with twisted convolution/involution given by the formulas
f ∗ωα g(s) =
∫
G
f(t)g(t−1s)ωα(t, t
−1s) dt and f∗(s) = ∆(s−1)ωα(s, s−1)f(s−1).
The crossed productK⋊αG is then isomorphic to K⊗C
∗(G, ω¯α) (e.g. see [7, Theorem 1.4.15]),
where ω¯α denotes the complex conjugate of ωα. Notice that up to canonical isomorphism,
C∗(G,ωα) only depends on the cohomology class of ωα in H
2(G,T).
If G = Zn, then one can show that any cocycle ω : Zn × Zn → T is equivalent to one of
the form
(2.1) (n,m) 7→ ωΘ(n,m) = e
2πi〈Θn,m〉,
where Θ ∈ M(n × n,R) is a strictly upper triangular matrix. If we denote by u1, . . . , un ∈
L1(G,ωΘ) the Dirac functions of the unit vectors e1, . . . , en ∈ Z
n, we can check that the
twisted group algebra C∗(Zn, ωΘ) coincides with the universal C*-algebra generated by n
unitaries u1, . . . , un satisfying the relations
ujui = e
2πiΘijuiuj
and therefore coincide with what is usually considered as a non-commutative n-torus!
Suppose now that α : G→ Aut(C0(X,K)) is any fibre-wise action. We then obtain a map
fα : X → H
2(G,T) given by the composition
X
x 7→[αx]
−−−−→ EG({pt})
[αx] 7→[ωαx ]
−−−−−−−→ H2(G,T),
and it is shown in [11, Lemma 5.3] that this map is actually continuous with respect to the
Moore topology on H2(G,T) as introduced in [20]. Thus we obtain a homomorphism of
groups Φ : EG(X)→ C(X,H
2(G,T));α 7→ fα. If G is abelian and compactly generated, then
the kernel of this map is isomorphic to the group Hˇ1(X, Ĝ), which classifies the principal
Ĝ-bundles over X. If q : Y → X is such a bundle, the corresponding action αY : G →
Aut(C0(X,K)) is just the dual action of G on C0(Y )⋊ Ĝ ∼= C0(X,K) – you should compare
this with the discussion in the introduction. We thus obtain an exact sequence
0→ Hˇ1(X, Ĝ)→ EG(X)
Φ
→ C(X,H2(G,T)).
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Recall further that if 1→ Z → H → G→ 1 is a locally compact central extension of G and
if c : G→ H is any Borel section, then
η : G×G→ Z; η(s, t) = c(s)c(t)c(st)−1
is a cocycle in Z2(G,Z) which represents the given extension in H2(G,Z). The transgression
map
tg : Ẑ → H2(G,T);χ 7→ [χ ◦ η]
is defined by composition of η with the characters of Z. The extension 1→ Z → H → G→ 1
is called a representation group for G (following [19]) if tg : Ẑ → H2(G,T) is an isomorphism
of groups. It is shown in [11, Corollary 4.6] that such a representation group exists for
all compactly generated abelian groups. Using the obvious homomorphism Z → C(Ẑ,T)
and composing it with η we obtain a cocycle (also denoted η) in Z2(G,C(Ẑ,T)) which
determines a fibre-wise action µ : G → Aut(C0(Ẑ,K)) as described in [11, Theorem 5.4].
Identifying C(X,H2(G,T)) with C(X, Ẑ) via the trangression map, we then obtain a splitting
homomorphism
F : C(X, Ẑ)→ EG(X); f 7→ f
∗(µ),
where f∗(µ) denotes the pull-back of µ to X via f , which is defined via the diagonal action
f∗(µ) = id⊗
C( bZ)
µ : G→ Aut
(
C0(X) ⊗C0( bZ),f C0(Ẑ,K)
∼= C0(X,K)
)
.
Notice that the homomorphism F depends on the choice of the representation group H and
is therefore not canonical. However, for G = Zn it is unique up to isomorphism of groups by
[11, Proposition 4.8]. We can now combine all this in the following statement (note that a
similar result holds for many non-abelian groups by [11, Theorem 5.4] and [9]).
Theorem 2.2 (cf [11, Theorem 5.4]). Suppose that G is a compactly generated second count-
able abelian group with fixed representation group 0→ Z → H → G→ 1. Let X be a second
countable locally compact space. Then the exterior equivalence classes of fibre-wise actions of
G on C0(X,K) are classified by all pairs ([q : Y → X], f), where [q : Y → X] denotes the
isomorphism class of a principal Ĝ-bundle q : Y → X over X, and f ∈ C(X, Ẑ).
The above classification also leads to a direct description of the corresponding crossed
products C0(X,K)⋊G in termes of the given topological data: It is shown in [12] that if [α]
corresponds to the pair ([q : Y → X], f) then
C0(X,K) ⋊G ∼= Y ∗
(
f∗
(
C∗(H)
)
(X)
)
⊗K,
by a Ĝ-equivariant bundle isomorphism over X. Here f∗
(
C∗(H)
)
(X) is the pull-back of
C∗(H)(Ẑ), where the Ẑ-C*-algebra bundle structure of C∗(H) is given by the structure map
C0(Ẑ) ∼= C
∗(Z)→ ZM(C∗(H)),
with action of C∗(Z) on C∗(H) given by convolution (see [12, Lemma 6.3] for more details).
The product Y ∗
(
f∗C∗(H))(X) of the principal Ĝ-bundle q : Y → X with f∗(C∗(H))(X) is
described carefully in [12, §3] and is a generalization of the usual fibre product
Y ∗ Z := (Y ×X Z)/Ĝ
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if Ĝ acts fibre-wise on the fibred space p : Z → X, and diagonally on Y ×X Z = {(y, z) ∈
Y × Z : q(y) = p(z)}. In this paper we only need the construction in case of Ĝ = Tn being
compact, in which case the fibre product Y ∗A(X) can be defined as the fixed point algebra
q∗A(Y )G =
(
C0(Y )⊗q A(X)
)G
under the diagonal action g(ϕ ⊗ a) = g−1(ϕ) ⊗ αg(a) for g ∈ G, ϕ ∈ C0(Y ) and a ∈ A(X).
The G-action on Y ∗A(X) is then induced by the given G-action on C0(Y ), i.e., we have
(Y ∗ α)g(ϕ ⊗ a) = g(ϕ) ⊗ a = ϕ⊗ αg(a).
We now specialize to the group G = Zn. It is shown in [11, Example 4.7] that a represen-
tation group for Zn can be constructed as the central group extension
1→ Zn → Hn → Z
n → 1
where Zn is the additive group of strictly upper triangular integer matrices and Hn = Zn×Z
n
with multiplication given by
(M,m) · (K, l) = (M +K + η(m, l),m+ l) where η(m, l)ij = limj.
for m = (m1, . . . ,mn), l = (l1, . . . , ln) ∈ Z
n. Let Tn := Ẑn denote the dual group of Zn. Since
Zn is canonically isomorphic to Z
n(n−1)
2 , we have Tn ∼= T
n(n−1)
2 . If we express a character
χ ∈ Tn by a real upper triangular matrix Θ = (ai,j)1≤i,j≤n via
χΘ(M) =
∏
i<j
(e2πiaij )mij = exp
(
2πi
∑
i<j
aijmij
)
,
we see that the transgression map tg : Tn → H
2(Zn,T);χ 7→ [χ ◦ η] sends χΘ to the class of
the cocycle ωΘ as defined in (2.1) and is an isomorphism of groups.
As a consequence of the above discussion, we see that C∗(Hn) serves as a “universal” NCP
Tn-bundle over T
n(n−1)
2 (where the action of Tn is the canonical dual action of Tn = Ẑn on
C∗(Hn)). We finally arrive at the following classification of non-commutative T
n-bundles up
to Tn-equivariant Morita equivalence over X:
Theorem 2.3. Let X be a second countable locally compact space. Then the set of Tn-
equivariant Morita equivalence classes of NCP Tn-bundles over X is classified by the set of
all pairs ([q : Y → X], f) with q : Y → X a (commutative) principal Tn-bundle over X and
f : X → T
n(n−1)
2 a continuous map. Given these data, the corresponding equivalence class of
NCP Tn-bundles is represented by the algebra
A(Y,f)(X) := Y ∗ f
∗
(
C∗(Hn)
)
(X).
Remark 2.4. Notice that the group H2 is just the discrete Heisenberg group. Therefore,
the C*-group algebra C∗(H2) of the Heisenberg group serves a a universal NCP T
2-bundle
in the sense explained above.
There is a natural action of GLn(Z) on the set of equivalence classes of NCP T
n-bundles
over X which we want to describe in terms of the above classification. For this we first
introduce some notation: If A(X) is an NCP Tn-bundle over X and if Ψ ∈ GLn(Z), we
denote by AΨ(X) the NCP T
n-bundle which we obtain from A(X) by composing the given
action of Tn by Ψ−1 (viewed as an automorphism of Tn). Of course, if we start with a
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commutative principal Tn-bundle q : Y → X, we obtain in the same way a principal Tn-
bundle qΨ : YΨ → X.
If we denote for 1 ≤ i, j ≤ n by ei,j the elementary matrix of Mn(Z) (with 1 in the i-th
row and j-th column entry and 0 every else) and by f1, . . . , fn the canonical basis of Z
n, then
we have for 1 ≤ i < j ≤ n the following relations in Hn:
• the elements (ei,j , 0) are central;
• (0, fi)(0, fj) = (ei,j , 0)(0, fj)(0, fi).
Moreover, these generators and relations define the group Hn:
Proposition 2.5. The group Hn is the group defined by the generators x1, . . . , xn and
{yi,j; 1 ≤ i < j ≤ n} and the following relations for 1 ≤ i < j ≤ n:
• the element yi,j is central;
• xi · xj = yi,j · xj · xi.
Proof. Let H ′n be the group defined by the above generators and relations. Then we have
an obvious epimorphism from H ′n → Hn. From the universal property of H
′
n, we also get an
epimorphism λ : H ′n → Z
n such that the following diagram commutes
H ′n
λ
−−−−→ Zny ‖y
Hn −−−−→ Z
n.
The left vertical arrow gives rise to an epimorphism ker λ → Zn, splitted by ei,j 7→ xi,j . In
fact, using the commutation rules of H ′n, any word w can be writen x
k1
1 · · · x
kn
n · w
′, where
k1, . . . , kn belongs to Z and where w
′ is a word with letters in {yi,j; 1 ≤ i < j ≤ n}. We then
have λ(w) = (k1, . . . , kn). It follows that kerλ is generated by {yi,j ; 1 ≤ i < j ≤ n}. Thus,
the epimorphism H ′n → Hn induces by restriction an isomorphism ker λ
∼=
→ Zn. The result
then follows from the Five Lemma. 
Corollary 2.6. The C∗-algebra C∗(Hn) is the universal C
∗-algebra generated by unitaries
U1, . . . , Un and {Vi,j; 1 ≤ i < j ≤ n} and the following relations for 1 ≤ i < j ≤ n:
• the elements Vi,j are central;
• Ui · Uj = Vi,j · Uj · Ui.
The unitaries Vi,j for 1 ≤ i < j ≤ n generate a copy of C(T
n(n−1)
2 ) providing the C∗-
algebra bundle structure of C∗(Hn) over T
n(n−1)
2 ∼= Λ2(R
n)/Λ2(Z
n). Under this identification,
Vi,j = e
2πif∗i ∧f
∗
j , where (f∗1 , . . . , f
∗
n) is the dual basis to the canonical basis (f1, . . . , fn) of R
n.
This allows to extend the definition of the unitaries Vi,j for values 1 ≤ j ≤ i ≤ n by setting
Vi,j := e
2πif∗i ∧f
∗
j . Then Ui · Uj = Vi,j · Uj · Ui for all 1 ≤ i, j ≤ n. If we denote by β
n the
canonical dual action of Tn on C∗(Hn), then β
n
(z1,...,zn)
(Uk) = zkUk.
Recall that if A(X) is a NCP Tn-bundle with Tn-action α : Tn → Aut(A(X)) and if Ψ is
any matrix of GLn(Z), then AΨ(X) is defined as the NCP T
n-bundle with respect to α◦Ψ−1.
Lemma 2.7. Let Ψ be a matrix of GLn(Z) and let Λ2Ψ be the automorphism of Λ2(Z
n)
induced by Ψ. Then using the identification T
n(n−1)
2 ∼= Λ2(R
n)/Λ2(Z
n), we have an automor-
phism ΥΨ : C
∗(Hn)→ C
∗(Hn) such that
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(i) ΥΨ(f · x) = f ◦ Λ2Ψ
−1 ·ΥΨ(x) for all f in C(T
n(n−1)
2 ) and all x in C∗(Hn).
(ii) ΥΨ(β
n
z · x) = β
n
Ψ(z) ·ΥΨ(x), for all z in T
n and all x in C∗(Hn).
Proof. Notice first that Vi,j ◦ Λ2Ψ
−1 = e2πi
tΨ−1f∗i ∧
tΨ−1f∗j .
• We first prove the result for Ψ given by the elementary matrix Ek,l(m) = In+mek,l of
GLn(Z) where k 6= l and m is in Z. Then, for i 6= j and k 6= l, we have Ek,l(m)
−1 =
Ek,l(−m) and
Vi,j ◦ Λ2Ek,l(m)
−1 = Vi,j if k /∈ {i, j} or l ∈ {i, j}(2.2)
Vj,k ◦ Λ2Ek,l(m)
−1 = Vj,kV
−m
j,l if j 6= k and j 6= l.(2.3)
There is a unique morphism ΥEk,l(m) : C
∗(Hn)→ C
∗(Hn) with image on generators
Ui 7→ Ui if i 6= k
Uk 7→ U
∗
l Uk
Vi,j 7→ Vi,j if k /∈ {i, j} or l ∈ {i, j}
Vj,k 7→ Vj,kV
∗
j,l if j 6= k and j 6= l,
since it is straightforward to check that the operators on the right hand side satisfy
the relation as given in Corollary 2.6. Moreover, ΥEk,l(m) is an isomorphism with
Υ−1
Ek,l(m)
= ΥEk,l(−m). It is enought to check condition (i) on the generators Vi,j,
which is done in equations (2.2) and (2.3). Condition (ii) has to be checked only on
the generators Ui. If z = (z1, . . . , zn), then the i-th component of Ek,l(m)(z) is zi for
i 6= k and zkz
m
l for i = k, and
ΥΨ(β
n
z · Ui) = ziUi = β
n
Ψ(z) ·ΥΨ(Ui)
for i 6= k and
ΥΨ(β
n
z · Uk) = zkU
−m
l · Uk = (zl · Ul)
−m · zkz
m
l Uk = β
n
Ψ(z) ·ΥΨ(Uk).
• Let σ be a permutation on {1, . . . , n} and let Ψσ = (δi,σ(j))1≤i,j≤n be the permutation
matrix of GLn(Z) corresponding to σ. As before, there is an automorphism ΥΨσ of
C∗(Hn) uniqually defined on generators by Ui 7→ Uσ−1(i) and Vi,j 7→ Vσ−1(i),σ−1(j).
Since
Vσ−1(i),σ−1(j) = Vi,j ◦ Λ2Ψσ−1 = Vi,j ◦ Λ2Ψ
−1
σ
and
βnΨσ(z1,...,zn) = β(zσ(1),...,zσ(n)),
the automorphism ΥΨσ satisfies conditions (i) and (ii) of the lemma.
Suppose now that Φ and Ψ are two matrices in GLn(Z) and let ΥΦ and ΥΨ be automorphisms
of C∗(Hn) satisfying conditions (i) and (ii) with respect to Φ and Ψ. Then one easily checks
that ΥΦ ◦ΥΨ satisfies conditions (i) and (ii) with respect to Φ ◦Ψ. Since every matrix Φ of
GLn(Z) can be writen as a product of elementary matrices and permutation matrices, this
completes the proof. 
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Corollary 2.8. Let Ψ be a matrix in GLn(Z). Then the pull-back (Λ2Ψ)
∗C∗(Hn)
(
T
n(n−1)
2
)
of C∗(Hn)
(
T
n(n−1)
2
)
with respect to the homeomorphism Λ2Ψ : T
n(n−1)
2 → T
n(n−1)
2 and
equipped with the Tn-action Λ2Ψ
∗βn is Tn-equivariantly isomorphic to C∗(Hn)Ψ
(
T
n(n−1)
2
)
,
i.e. C∗(Hn)
(
T
n(n−1)
2
)
equipped with the Tn-action βn ◦Ψ−1.
Proof. Let ΥΦ be an automorphism of C
∗(Hn) as in Lemma 2.7. Then the lemma implies
that the morphism C∗(Hn)
(
T
n(n−1)
2
)
7→ Λ2Ψ
∗C∗(Hn)
(
T
n(n−1)
2
)
; x 7→ 1 ⊗Λ2Ψ ΥΦ(x) is an
isomorphism of C*-algebra bundles over T
n(n−1)
2 which is equivariant with respect to the
prescribed actions. 
Lemma 2.9. Let A(X) be a NCP Tn-bundle and let q : Y → X be any principal Tn-bundle.
Then, for any Ψ ∈ GLn(Z), we have
(Y ∗ A)Ψ(X) = YΨ ∗AΨ(X).
Proof. Recall that Y ∗A(X) is the fixed-point algebra of C0(Y )⊗q A(X) under the diagonal
action of Tn (taking the inverse action on the first factor). It is immediately clear that this
algebra does not change if we compose both actions with any fixed automorphism of Tn.
Thus we see that the identity map gives the desired identifications. 
Recall that Theorem 2.3 provides a classification of NCP Tn-bundles by pairs ([q : Y →
X], f), where q : Y → X is a (commutative) principal Tn-bundle and f : X → T
n(n−1)
2 is a
continuous map. We are now able to describe the change in these data if we pass from A(X)
to AΨ(X) for Ψ ∈ GLn(Z).
Theorem 2.10. Let A(X) be a NCP Tn-bundle over a second countable locally compact
space X with classifying data ([q : Y → X], f) as in Theorem 2.3. Then AΨ(X) is classified
by the data ([qΨ : YΨ → X],Λ2Ψ ◦ f) for all Ψ ∈ GLn(Z). More precisely, if A(X) =
Y ∗ (f∗(C∗(Hn))(X), then AΨ(X) = YΨ ∗ ((Λ2Ψ ◦ f)
∗(C∗(H)))(X).
Proof. Since A(X) is classified by the pair ([q : Y → X], f), it follows from Theorem 2.3
that A(X) is X × Tn-equivariantly Morita equivalent to Y ∗ (f∗C∗(Hn))(X). Composing all
Tn-actions by Ψ−1 we observe that
f∗C∗(Hn)Ψ(X) = C0(X)⊗f C
∗(Hn)Ψ
(
T
n(n−1)
2
)
(∗)
= C0(X) ⊗f
(
(Λ2Ψ)
∗C∗(Hn)
)(
T
n(n−1)
2
)
= f∗
(
(Λ2Ψ)
∗C∗(Hn)
)
(X)
= (Λ2Ψ ◦ f)
∗C∗(Hn)(X),
where (∗) follows from Corollary 2.8. The proof then follows from Lemma 2.9. 
3. Local RKK-triviality of NCP torus bundles
In this section we want to show, among other useful results, that all NCP torus
bundles are locally RKK-trivial. We refer to [18] for the definition of the RKK-group
RKK(X;A(X), B(X)) for two C*-algebra bundles A(X) and B(X). We only remark here
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that the cycles are given by the usual cycles (E,φ, T ) for Kasparov’s bivariant K-theory
group KK(A(X), B(X)) with the single additional requirement that the left C0(X)-actions
on the Hilbert bimodule E induced via the left action of A(X) on E coincides with the right
C0(X)-action on E induced by the right action of B(X) on E. We start with
Proposition 3.1. Let ∆ be a contractible and compact space and let A(∆ × X) be a NCP
Tn-bundle over ∆×X. Then for any element z of ∆, the evaluation map
ez : A(∆ ×X)→ A({z} ×X)
gives an invertible class [ez] ∈ RKK(X;A(∆ ×X), A({z} ×X)).
Before proving this proposition, we state an immediate corollary.
Corollary 3.2. Assume that two NCP Tn-bundles A0(X) and A1(X) are homotopic in the
sense that there exists a NCP Tn-bundle A([0, 1] ×X) which restricts to A0(X) and A1(X)
at 0 and 1, respectively. Then A0(X) and A1(X) are RKK-equivalent.
In view of the classification results of the previous section, we then get
Corollary 3.3. Assume that f, g : X → T
n(n−1)
2 are two homotopic continuous functions.
Then f∗C∗(Hn)(X) and g
∗C∗(Hn)(X) are RKK-equivalent.
Proof. Apply the previous corollary to F ∗(C∗(Hn))([0, 1]×X) where F : [0, 1]×X → T
n(n−1)
2
is a homotopy between f and g. 
The above corollary then easily implies
Corollary 3.4. Suppose that A(X) is a NCP Tn-bundle. Then A(X) is locally RKK-
trivial, i.e., for every x ∈ X there exists an open neighbourhood U of X such that A(U)
is RKK(U, ·, ·)-equivalent to C0(U,Ax).
Proof. Let x ∈ X be fixed. By the classification results of the previous section we may assume
that A(X) = Y ∗ (f∗(C∗(Hn))). But restricting to a small neighbourhood U of x we may
assume that Y is the trivial Tn-bundle and that f is homotopic to the constant map with
value f(x). The result then follows from the previous corollary. 
For the proof of the proposition we need the following strong version of the Thom-Connes
isomorphism for crossed products by Rn, which, as we point out below, is due to Kasparov:
Theorem 3.5. Suppose that A(X) is a C*-algebra bundle and that α : Rn → Aut(A(X)) is
a fibre-wise action on A(X). Then there exists an invertible class
t ∈ RKKn(X;A(X), A(X) ⋊R
n),
i.e., the algebra A(X) is RKK-equivalent to A(X) ⋊ Rn up to a dimension shift of order n
(mod 2).
Proof. We use the Dirac element D ∈ KKR
n
n (C0(R
n),C) as constructed by Kasparov in [18,
§4], where Rn acts on itself by the translation action τ (a different, and probably easier
description is given in [17]). Since Rn is amenable, the element D is invertible with inverse
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given by the dual-Dirac element η ∈ KKR
n
n (C, C0(R
n)) also constructed in [18, §4]. We then
obtain an invertible element
σA(X)(D) ∈ RKK
R
n
n (X;A(X) ⊗C0(R
n), A(X))
by tensoring D with A(X). Using the descent, we obtain an invertible element
jRn(σA(X)(D)) ∈ RKK
Rn
n (X;
(
A(X) ⊗ C0(R
n)
)
⋊Rn, A(X) ⋊Rn).
But the crossed product
(
A(X) ⊗ C0(R
n)
)
⋊Rn is C0(X)-linearly isomorphic to
A(X)⊗
(
C0(R
n)⋊Rn
)
∼= A(X) ⊗K(L2(Rn)),
where the first isomorphism follows by first identifying A(X) ⊗ C0(R
n) with C0(R
n, A(X))
and then observing that
ϕ : C0(R
n, A(X))→ C0(R
n, A(X));
(
ϕ(g)
)
(s) = α−s(g(s))
is a bundle isomorphism which transforms the diagonal action α ⊗ τ to id⊗τ on A(X) ⊗
C0(R
n). We then use the general fact that (A⊗maxB)⋊id⊗βG ∼= A⊗max(B⋊βG) together with
the fact that C0(R
n)⋊τ R
n ∼= K(L2(Rn)). We thus obtain a C0(X)-linear Morita equivalence
A(X) ∼M
(
A(X)⊗C0(R
n)
)
⋊Rn. Multiplying jRn(σA(X)(D)) from the right with this Morita
equivalence gives the desired invertible element t ∈ RKK(X;A(X);A(X) ⋊Rn). 
As a consequence of the above theorem, we now obtain the following lemma:
Lemma 3.6. Suppose that α : Zn → Aut(C0(X,K)) is any fibre-wise action. Then A(X) :=
C0(X,K)⋊Z
n is, up to a dimension shift of order n, RKK(X; ·, ·)-equivalent to a continuous
trace algebra B = B(X × Tn) with base X × Tn.
Proof. Consider the induced algebra B := IndR
n
Zn
C0(X,K), which can be defined as the set
of all bounded continuous functions F : Rn ×X → K such that
F (s+m,x) = αxm(F (s, x)) for all s ∈ R
n,m ∈ Zn and x ∈ X.
It is shown in [28] that this is a continuous trace algebra with base X × (Rn/Zn) ∼= X × Tn,
since Zn acts trivially on X. Moreover, it follows from Green’s imprimitivity theorem (e.g.
see [31] for a complete treatment) that the crossed product A(X) = C0(X,K)⋊Z
n is Morita
equivalent over X to
(
IndR
n
Zn C0(X,K)
)
⋊ Rn, where Rn acts on the induced algebra by
translation in the first variable of F . Using the above strong version of the Thom isomorphism,
we see that A(X) = C0(X,K)⋊Z
n isRKK(X; ·, ·)-equivalent to B(X×Tn) := IndR
n
Zn C0(X,K)
up to a dimension shift of order n. 
We are now ready for
Proof of Proposition 3.1. Let A(∆×X) = C0(∆×X,K)⋊αZ
n as in Proposition 2.1. It follows
then from Lemma 3.6 that A(∆×X) = C0(∆×X,K)⋊αZ
n is RKK(∆×X; ·, ·)-equivalent to
a continuous trace algebra B(∆×X×Tn) with Dixmier-Douady class δ in H3(∆×X×Tn,Z).
Since ∆ is compact and contractible, δ = π∗(δ′), where δ′ lies in H3(X × Tn,Z) and π∗ is
the isomorphism induced in cohomology by the projection π : ∆×X ×Tn → X ×Tn. Hence
this bundle is isomorphic to some algebra of the form π∗D(X × Tn) = C(∆,D(X × Tn))
as C*-algebra bundles over ∆ ×X × Tn, where D(X × Tn) a continuous trace algebra over
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X × Tn. Since ∆ is a contractible compact space, the evaluation ez at an element z of ∆
induces an RKK(X; ·, ·)-equivalence. 
4. The K-theory group bundle of a NCP torus bundles.
Suppose that X is a locally compact space. By an (abelian) group bundle
G := {Gx : x ∈ X}
we understand a family of groups Gx, x ∈ X, together with group isomorphisms cγ : Gx → Gy
for each continuous path γ : [0, 1] → X which starts at x and ends at y, such that the following
additional requirements are satisfied:
(i) If γ and γ′ are homotopic paths from x to y, then cγ = cγ′ .
(ii) If γ1 : [0, 1] → X and γ2 : [0, 1] → X are paths from y to z and from x to y,
respectively, then
cγ1◦γ2 = cγ1 ◦ cγ2 ,
where γ1 ◦ γ2 : [0, 1]→ X is the usual composition of paths.
It follows from the above requirements, that if X is path connected, then all groups Gx are
isomorphic and that we get a canonical action of the fundamental group π1(X) on each fibre
Gx.
A morphism between two group bundles G = {Gx : x ∈ X} and G
′ = {G′x : x ∈ X} is a
family of group homomorphisms φx : Gx → G
′
x which commutes with the maps cγ . The trivial
group bundle is the bundle with every Gx equal to a fixed group G and all maps cγ being the
identity. We then write X ×G for this bundle. If X is path connected, then a given group
bundle G on X can be trivialized if and only if the action of π1(X) on the fibres Gx are trivial.
In that case every path γ from a base point x to a base point y induces the same morphism
cx,y : Gx → Gy and the family of maps {cx0,x : x ∈ X} is a group bundle isomorphism
between the trivial group bundle X ×Gx0 and the given bundle G = {Gx : x ∈ X} if we fix
a base point x0.
Suppose now that A(X) is an NCP Tn-bundle over X. Recall from Proposition 3.1 that
for any compact contractible space ∆ and any map f : ∆ → X the evaluation map ǫt :
f∗A(∆)→ Af(t) is a KK-equivalence. This implies in particular, that A(X) is KK-fibration
in the sense of the following definition:
Definition 4.1. A C*-algebra bundle A(X) is called a KK-fibration (resp. K-fibration) if for
every compact contractible space ∆ and any v ∈ ∆ the evaluation map evv : f
∗A(∆)→ Af(v)
is a KK-equivalence (resp. induces an isomorphism of K∗(f
∗A(∆)) ∼= K∗(Af(v))).
Proposition 4.2. Suppose that A(X) is a K-fibration. For any path γ : [0, 1] → X with
starting point x and endpoint y let cγ : K∗(Ax)→ K∗(Ay) denote the composition
(4.1) K∗(Ax)
ǫ−10,∗
−−−−→
∼=
K∗(γ
∗A)
ǫ1,∗
−−−−→
∼=
K∗(Ay)
Then K∗(A) := {K∗(Ax) : x ∈ X} together with the above defined maps cγ is a group bundle
over X.
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Proof. It is clear that constant paths induce the identity maps and that cγ·γ′ = cγ ◦cγ′ , where
γ ·γ′ denotes composition of paths. Moreover, if Γ : [0, 1]× [0, 1] → X is a homotopy between
the paths γ0 and γ1 with equal starting and endpoints, then cγ0 and cγ1 both coincide with the
composition ǫ(1,1),∗ ◦ ǫ
−1
(0,0),∗, where ǫ(0,0) and ǫ(1,1) denote evaluation of Γ
∗A at the respective
corners of [0, 1]2. Hence we see that cγ only depends on the homotopy class of γ. 
Definition 4.3. Suppose that A(X) is a K-fibration (e.g., if A(X) is a NCP Tn-bundle).
Then K∗(A) := {K∗(Ax) : x ∈ X} together with the maps cγ : K∗(Ay) → K∗(Ax) is called
the K-theory group bundle associated to A(X).
Remark 4.4. IfA(X) andB(X) are twoK-fibrations, then a class x ∈ RKK(X,A(X), B(X))
determines a morphism x∗ : K∗(A) → K∗(B) given fibrewise by taking right Kasparov prod-
ucts with the evaluations x(x) ∈ KK(Ax, Bx). Of course, these maps are isomorphisms of
group bundles if and only x(x) induces an isomorphism K∗(Ax) ∼= K∗(Bx) for all x ∈ X.
This is certainly true if all x(x) are invertible in KK(Ax, Bx).
In what follows next, we want to show that theK-theory group bundle of a NCP Tn-bundle
A(X) does not change if we twist this bundle with any principal Tn-bundle Y
q
→ X, i.e., we
have K∗(A(X)) = K∗(Y ∗A(X)) for all such Y (see §2 for the notation).
Recall that Y ∗ A(X) is the fixed-point algebra of q∗A = C0(Y ) ⊗q A with respect to the
diagonal Tn-actions (taking the inverse action on the first factor). Evaluating at the fibres,
we see that an element b ∈ q∗A(X) is in Y ∗A(X) if and only if b(zy) = z−1 · b(y), where on
the right-hand side we consider the action of z−1 ∈ Tn on the fibre q∗Ay = Aq(y). The fibre
of q∗A(X) over x ∈ X is then given by C(Yx, Ax) with Yx = q
−1({x}) ∼= Tn, and hence the
fibre (Y ∗ A)x of Y ∗ A(X) at x ∈ X is canonically isomorphic to the fixed point algebra of
C(Yx, Ax) ∼= C(T
n, Ax) under the action
(z · ϕ)(y) = z−1 · ϕ(zy) for all z ∈ Tn, ϕ ∈ C(Yx, Ax),
from which we easily see that evaluation at any point y ∈ Yx induces a T
n-equivariant
isomorphism
(Y ∗ A)x ∼= Ax for all x ∈ X.
More generally, if x is given, we can choose an open neighbourhood U of x which trivializes
the principal Tn-bundle Y . Let φ : U × Tn → q−1(U) be a trivializing map. Then Y ∗ A(U)
is the fixed point algebra of
(4.2)
q∗A(q−1(U)) = C0(q
−1(U)) ⊗C0(U) A(U)
φ
∼= C0(T
n × U)⊗C0(U) A(U)
∼= C(Tn, A(U)).
Composing this chain of isomorphisms with
C(Tn, A(U))→ A(U); f 7→ f(1),
we obtain an isomorphism
Ψφ : Y ∗ A(U)→ A(U)
between the fixed point algebra Y ∗ A(U) of q∗A(q−1(U)) and A(U). Looking carefully at
the constructions, one finds that Ψφ sends a section b ∈ Y ∗ A(U), which is given by a T
n-
invariant section in q∗A(q−1(U)), to the section of A(U) given by x 7→ b(φ(1, x)). At the
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point x ∈ U this induces the isomorphism Y ∗Ax ∼= Ax considered above given by evaluation
at y = φ(x, 1) ∈ Yx.
Lemma 4.5. Let X and Z be locally compact spaces, let A(X) be a C*-algebra bundle over
X equipped with a fiber-wise action of Tn and let Y
q
→ X be a principal Tn-bundle. For any
continuous map h : Z → X, we denote by h∗Y
qh→ Z the principal Tn-bundle pulled back from
Y
q
→ X by h. Then h∗(Y ∗A) and h∗Y ∗ h∗A are canonically isomorphic C*-algebra bundles
over Z and the following diagram commutes
K∗(h
∗(Y ∗ A)z)
∼=
−−−−→ K∗((h
∗Y ∗ h∗A)z)
λh(z)
y λzy
K∗(Ah(z))
==
−−−−→ K∗(Ah(z)),
where
• the top isomorphism is induced by the bundle-isomorphism h∗(Y ∗ A) → h∗Y ∗ h∗A
at the fibre over z,
• the left vertical arrow is given by the isomorphism h∗(Y ∗A)z = (Y ∗ A)h(z) ∼= Ah(z),
• the right vertical arrow is given by the isomorphism (h∗Y ∗ h∗A)z ∼= (h
∗A)z ∼= Ah(z),
with (Y ∗ A)h(z) ∼= Ah(z) and (h
∗Y ∗ h∗A)z ∼= (h
∗A)z as in the above discussion.
Proof. The algebra h∗Y ∗ h∗A is the fixed point algebra of(
C0(Z)⊗C0(X) C0(Y )
)
⊗C0(Z)
(
C0(Z)⊗C0(X) A
)
under the diagonal action of Tn which is given by the Tn-action on Y for the first factor and
the inverse of the given Tn-action on A for the second. On the other hand, h∗(Y ∗ A) =
C0(Z)⊗C0(X) (Y ∗ A) can be identified with the fixed point algebra of
C0(Z)⊗C0(X)
(
C0(Y )⊗C0(X) A),
with Tn acting on Y and A precisely as above. Thus, to see that the fixed point algebras are
isomorphic, it suffices to find an isomorphism(
C0(Z)⊗C0(X) C0(Y )
)
⊗C0(Z)
(
C0(Z)⊗C0(X) A
)
∼= C0(Z)⊗C0(X)
(
C0(Y )⊗C0(X) A),
which respects this Tn-action. But it is straight-forward to check that such isomorphism is
given on elementary tensors by
(g1 ⊗X f)⊗Z (g2 ⊗X a) 7→ g1g2 ⊗X (f ⊗X a)
whenever g1, g2 ∈ C0(Z), f ∈ C0(Y ) and a ∈ A. Let us denote this isomorphism by Ψ and
we denote the induced isomorphism on the fixed-point algebras by
ΨT
n
: h∗Y ∗ h∗A→ h∗(Y ∗ A).
This map is certainly C0(Z)-linear, and since on both algebras h
∗Y ∗ h∗A and h∗(Y ∗A) the
Tn-action is induced by the given action on the factor C0(Y ), it is also T
n-equivariant. This
proves the first statement of the lemma.
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In order to prove commutativity of the K-theory diagram, we first note that for a given
z ∈ Z the fibres of (h∗Y ∗h∗A)z and h
∗(Y ∗A)z are the fixed point algebras of the fibres over
z of the algebras(
C0(Z)⊗C0(X) C0(Y )
)
⊗C0(Z)
(
C0(Z)⊗C0(X) A
)
and C0(Z)⊗C0(X)
(
C0(Y )⊗C0(X) A),
respectively. In both cases, this fibre is given by C0(Yh(z), Ah(z)), with Yh(z) =
q−1({h(z)}) ⊆ Y, where for the first algebra the quotient map sends an elementary
tensor (g1 ⊗X f) ⊗Z (g2 ⊗X a) to g1(z)g2(z)(f |Yh(z) ⊗ a(h(z))) and for the second algebra
an elementary tensor g ⊗X (f ⊗X a) is mapped to g(z)(f |Yh(z) ⊗ a(h(z))). It follows from
this description that the isomorphism Ψ constructed above intertwines these evaluations at
z, and hence the isomorphism ΨT
n
: h∗Y ∗ h∗A → h∗(Y ∗ A) induces the identity on the
fixed point algebra of C0(Yh(z), Ah(z)) under these evaluations. The homomorphisms in the
vertical arrows of the diagram in the lemma now only depend on the choice of two possible
elements y1, y2 ∈ Yh(z) on which we evaluate an invariant function f ∈ C(Yh(z), Ah(z)). Since
Tn acts transitively on Yh(z) we find u ∈ T
n such that y1 = u · y2. We then have
λh(z)(f) = f(y1) = f(u · y2) = u
−1 · (f(y2)) = u
−1(λz(f)).
this shows that on the level of algebras, the diagram in the Lemma commutes up to an
automorphism of the fibre Ah(z) given by the action of a fixed element u ∈ T
n. Since Tn is
connected, this automorphism is homotopic to the identity, and therefore induces the identity
map on K∗(Ah(z)). 
Remark 4.6. Note that we saw in the discussion preceding the above lemma, that the
isomorphism λx : (Y ∗A)x ∼= Ax depends on a choice of an element y ∈ Yx. However, the last
argument in the above proof shows that the K-theory map λx,∗ : K∗((Y ∗ A)x) ∼= K∗(Ax) is
independent from this choice.
We are now ready to show that the K-theory group bundle of a NCP Tn-bundle A(X) is
invariant under the action of a principal Tn-bundle Y
q
→ X:
Lemma 4.7. Let A(X) be an NCP Tn-bundle and let Y
q
→ X be any principal Tn-bundle
over X. Then for any path µ : [0, 1]→ X there is a C[0, 1]-isomorphism Λ : µ∗(Y ∗A(X)) →
µ∗A(X) such that for any t ∈ [0, 1], the following diagram commutes:
K∗(µ
∗(Y ∗A))
ǫt,∗
−−−−→ K∗((Y ∗ A)µ(t))
Λ∗
y λµ(t)y
K∗(µ
∗A)
ǫt,∗
−−−−→ K∗(Aµ(t)),
where ǫt is the evaluation at t. As a consequence, the K-theory group bundles of A(X) and
of Y ∗ A(X) coincide.
Proof. According to Lemma 4.5, the algebras µ∗(Y ∗A) and µ∗Y ∗µ∗A are C[0, 1]-isomorphic.
Since [0, 1] is contractible, the principal Tn-bundle µ∗Y is trivializable. In view of the dis-
cussion at the beginning of the subsection, the choice of a trivialization induces a C[0, 1]-
isomorphism Λ : µ∗(Y ∗A)→ µ∗A and for t in [0, 1], we have Λt,∗ = λµ(t). The commutativity
of the diagram is now just the compatibity between Λ and the evaluation maps. 
ON NONCOMMUTATIVE TORUS BUNDLES 19
5. The action of π1(X) in the two-dimensional case
In this section we want to study the K-theory group bundle for NCP T2-bundles. In this
case the representation group H2 is the discrete Heisenberg group, and we have to study the
group algebra C∗(H2) as a NCP T
2-bundle over T.
Recall that C∗(H2) is the C*-algebra generated by the unitaries U, V and W and the
relations
UW =WU, VW =WV and UV =WV U.
The C(T)-structure is then provided by the central unitary W and the fiber at z = e2πiθ ∈ T,
for θ ∈ R, is the noncommutative torus Aθ generated by the unitaries Uθ and Vθ and the
relation UθVθ = e
2πiθVθVθ. The K-theory groups for noncommutative tori are
K0(Aθ) ∼= K1(Aθ) ∼= Z
2.
In order to describe the action of π1(T) ∼= Z on the K-theory group bundle of C
∗(H2), we
shall first recall the standard generators for K∗(Aθ):
• The standard generators for K1(Aθ) are the classes of the unitaries Uθ and Vθ.
• If θ ∈ (0, 1), then the standard generators for K0(Aθ) are the class of the trivial
projector 1 ∈ Aθ and the class of the Rieffel projector pθ.
The standard two generators for K0(C(T
2)) are
• the class of the trivial projector 1 ∈ C(T2);
• the Bott element β, i.e the unique element in K0(C(T
2)) with Chern character equal
to the class in H2(T2,R) of the volume form of the 2-torus.
It follows from Proposition 4.2 together with the discussions preceding it, that we obtain
a natural action of π1(T) = Z on K∗(Az) for all z ∈ T and we are now going to compute this
action. For z = 1, the action of the loop generating π1(T)
ν : [0, 1]→ T; θ 7→ e2iπθ
on K∗(C(T
2)) arising from the K-fibration is given by ǫ1,∗ ◦ ǫ
−1
0,∗ where
ǫj : ν
∗(C∗(H2)) −→ Aj ∼= C(T
2)
is the evaluation at j for j = 0, 1. Since the generators U and V of C∗(H2) provide global
sections of unitaries of the C*-algebra bundle C∗(H2)(T) and since U(1) and V (1) are the
standard generators of K1(C(T
2)), we see that the action of the loop ν on K1(C(T
2)) is
trivial. The unit 1 ∈ C∗(H2) also provides a global section which evaluates at 1 ∈ C(T
2),
from which we deduce that [1] ∈ K0(C(T
2)) is also left invariant by the action of the loop
ν. Let us now compute the image under ǫ1,∗ ◦ ǫ
−1
0,∗ of the generator β. For this we define the
morphism
ιν : C[0, 1]→ ν
∗(C∗(H2)) = C[0, 1] ⊗ν C
∗(H2); f 7→ f ⊗ν 1
and we set
U ′ = 1⊗ν U and V
′ = 1⊗ν V
in ν∗(C∗(H2)). Let us define a ν
∗(C∗(H2))-valued inner product on Cc([0, 1] × R) by
〈ξ, η〉 =
∑
(m,n)∈Z2
ιν(〈ξ, η〉m,n)U
′mV ′n,
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where for any pair of integers (n,m), 〈ξ, η〉m,n is the continuous function on C[0, 1] defined
by
〈ξ, η〉m,n(θ) = (θ + 1)
∫ +∞
−∞
ξ¯(θ, x+mθ +m)ν(θ, x)e−2iπnxdx θ ∈ [0, 1].
Evaluation of 〈ξ, ξ〉 at each fiber θ ∈ [0, 1] is positive in Aθ (see [29]) and thus 〈ξ, ξ〉 is a
positive element of ν∗(C∗(H2)). Let us denote by E the completion of Cc([0, 1] × R) with
respect to the above inner product. There is a right action of C[0, 1] on E which is given
on Cc([0, 1] × R) by pointwise multiplication and a right action of C
∗(H2) on E given in the
following way:
• W acts by pointwise multiplication by ν;
• ξ · U(θ, x) = ξ(θ, x+ θ + 1) for every ξ ∈ Cc([0, 1] × R);
• ξ · V (θ, x) = e2πixξ(θ, x) for every ξ ∈ Cc([0, 1] × R).
The action of C[0, 1] and of C∗(H2) on E commute and thus induce an action of C[0, 1] ⊗
C∗(H2). It is straightforward to check that this action factorizes through an action of
ν∗(C∗(H2)) = C[0, 1] ⊗ν C
∗(H2) on E . We define in this way a ν
∗(C∗(H2))-right Hilbert
module structure. The algebra K(E) of compact operators on E is a C[0, 1]-algebra and
according to [29] the fiber of K(E) at any θ ∈ [0, 1] is unital.
The following well know lemma (e.g., see [31, Proposition C.24]) applies to the C[0, 1]-
algebra K(E) + C IdE to prove that K(E) is a unital C
∗-algebra.
Lemma 5.1. Let A(X) be a C*-algebra bundle over the compact space X and let B(X) ⊆
A(X) be any closed C0(X)-invariant ∗-subalgebra of A(X) with Ax = Bx for every x ∈ X.
Then A(X) = B(X).
As a consequence the pair (E , 0) defines a class in KK(C, ν∗(C∗(H2))) = K0(ν
∗(C∗(H2)))
which we shall denote by [E ]. In order to express
ǫ0,∗([E ]) ∈ K0(C(T
2)) and ǫ1,∗([E ]) ∈ K0(C(T
2))
in the basis of standard generators, we need to compute for both of these elements
• their rank;
• the image of the Chern character under the fundamental class in homology of T2.
Both computations have been carried out in [3, p. 232]1 from where we deduce
ǫ0,∗([E ]) = [1] + β and ǫ1,∗([E ]) = 2[1] + β.
Eventually, the action of the loop ν on ∈ K0(C(T
2)) is given on the basis of standard
generators ([1], β) by the matrix
(
1 1
0 1
)
. For any irrational θ ∈ (0, 1), Rieffel computes in
[29, Theorem 1.4] that τ(ǫθ,∗([E ]) = θ + 1, and hence we get from the injectivity of the trace
on K0(Aθ) that
ǫθ,∗([E ]) = [pθ] + [1],
1Actually in [3] the second computation was carried out in cyclic cohomology. The image of the Chern
character was under the higher trace (i.e a pairing with a cycle) corresponding to the fundamental class of
T2 under the Hochschild-Kostant-Rosenberg isomorphism between de Rham homology of T2 and the cyclic
cohomology of C∞(T2).
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where pθ ∈ Aθ denotes the Rieffel-projection. Thus, the action of the (oriented) generator
of π1(T) ∼= Z on K0(Aθ) is given on the basis of generators ([1], [pθ ]) by the matrix
(
1 1
0 1
)
.
In what follows, we will denote by Mz the endomorphism of K0(C
∗(H2)z) corresponding to
the action of the oriented generator of π1(T).
Assume now that f : X → T is any continuous map from the path connected locally
compact space X to T and let x0 ∈ X be any chosen base-point of X. Next we want
to compute the K-theory group bundle of the pull-back f∗C∗(H2)(X), which amounts in
computing the action of π1(X) on the fibre K∗(Af(x0)). Note that f induces a map
π1(X)→ Z, γ 7→ 〈f, γ〉,
where for any continuous map h : T → X representing γ, the integer 〈f, γ〉 is the winding
number of f ◦ h : T→ T.
Proposition 5.2. Let X be a path connected locally compact space and let f : X → T be a
continuous map. Then for any fixed x0 in X, the action of γ ∈ π1(X) on K∗(C
∗(H2)f(x0))
arising from the NCP T2-bundle f∗(C∗(H2)) is trivial on K1(C
∗(H2)f(x0)) and it is given by
M
〈f,γ〉
f(x0)
on K0(C
∗(H2)f(x0)).
Proof. Let us represent γ ∈ π1(X) by a continuous map g : [0, 1] → X such that g(0) =
g(1) = x0. Then the action of γ on K∗(C
∗(H2)f(x0)) is given by ǫ0,∗ ◦ ǫ
−1
1,∗ where
ǫj : g
∗(f∗(C∗(H2)) −→ C
∗(H2)f(x0)
is the evaluation at j = 0, 1 of the C[0, 1]-algebra
g∗(f∗(C∗(H2)) ∼= (f ◦ g)
∗(C∗(H2)).
The map f ◦ g, viewed as a map on the circle, has winding number n = 〈f, γ〉. Hence it
follows from the above computations for the single loop of T that the action of the loop f ◦ g
on K∗(C
∗(H2)f(g(0))) = K∗(C
∗(H2)f(x0)) is M
n
f(x0)
. 
6. The action of π1(X) in the general case
In this section we want to extend the results of the previous section to NCP Tn-bundles
for arbitrary n ∈ N. We do this by exploiting the results for T2-bundles obtained above.
The key for this is the study of the “universal” NCP Tn-bundles C∗(Hn) over Ẑn ∼= T
n(n−1)
2 ,
where
1→ Zn → Hn → Z
n → 1
is the representation group of Zn as described in §2. To be more precise, as we shall see
below, the restriction of C∗(Hn) to certain “basic circles” gives a direct link between the T
n
case and the T2-case.
Consider the circles Tij which are given by the characters of the i, j-th coordinate of
Z
n(n−1)
2 for i < j. These are represented by those matrices Θ which are everywhere zero
except in the entry Θij. We call Tij, i < j, a basic circle in T
n(n−1)
2 . (If we identify Z
n(n−1)
2
with the integer valued strictly upper trianguar matrices). In what follows below we shall
need a careful description of the restriction C∗(Hn)|Tij of the universal NCP T
n-bundle
C∗(Hn) to the basic circles Tij. In order to do this, we should first state some basic facts:
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first of all, if A(X) is any C*-algebra bundle with fibres Ax, then the space Â(X) of unitary
equivalence classes of irreducible representations of A(X) is the disjoint union ∪x∈XÂx, where
the representations of Ax are regarded as representations of A(X) via composition with the
quotient map ǫx : A(X) → Ax (e.g., see [5, Theorem 10.4.3]). If we regard C
∗(Hn) as a
bundle over Ẑn with bundle structure given via convolution with C0(Ẑn) ∼= C
∗(Zn), then we
can identify
Ĉ∗(Hn)χ = {π ∈ Ĉ
∗(Hn) : π|Zn = χ · 1π},
where we recall that by Schur’s lemma every irreducible representation of Hn restricts on Zn
to a multiple of a character χ ∈ Zn = Z(Hn). Using these facts, we get
Lemma 6.1. The restriction C∗(Hn)|Tij of C
∗(Hn) to the basic circle Tij is canonically
isomorphic to C∗(H2)⊗ C(T
n−2), as a non-commutative Tn-bundle over T ∼= Tij, where the
Tn-action on C∗(H2)⊗C(T
n−2) is given via the action of the ith and jth coordinates as the
1st and 2nd coordinates of the non-commutative T2-bundle C∗(H2) and the other coordinates
acting (by their nummerical order) on the coordinates of the factor C(Tn−2).
Proof. We actually prove that C∗(Hn)|Tij is isomorphic to the C
∗-group algebra of the group
Hn/Zij , where Zij := {M ∈ Zn : Mij = 0}. Indeed, we have a canonical quotient map
q : C∗(Hn) → C
∗(Hn/Zij) and the kernel of this quotient map is the intersection of all C
∗-
kernels of the irreducible representations of Hn/Zij , viewed as representations of Hn. But an
arbitrary irreducible representation of Hn restricts to the trivial representation of Zij if and
only if it restricts to a character in the basic circle Tij as described above. Thus it follows
from the above mentioned basic facts that C∗(Hn)|Tij is isomorphic to C
∗(Hn/Zij), and this
isomorphism is clearly a non-commutative Tn-bundle isomorphism if we equip C∗(Hn/Zij)
with the Tn-bundle structure coming from the central extension
1→ (Z ∼= Zn/Zij)→ Hn/Zij → Z
n → 1.
The result then follows from the fact that the above extension is isomorphic to the extension
1→ Z→ H2 × Z
n−2 → Zn → 1
if we permute the ith and jth coordinate of Zn in the first extension to the first and second
coordinate of H2 in the second extension. 
We are now going to compute the action of π1
(
T
n(n−1)
2
)
∼= Z
n(n−1)
2 on K∗(C(T
n)) arising
from the K-fibration C∗(Hn) (note that C(T
n) is the fiber at (1, . . . , 1) ∈ T
n(n−1)
2 of C∗(Hn)).
For this purpose, we will need an explicit description of K0(C(T
n)). We define for i = 1, . . . , n
the continuous functions
ui : T
n → C; (z1, . . . , zn) 7→ zi.
Let (e1, . . . , en) be the canonical basis of Z
n and let Λ∗(Z
n) be the exterior algebra of Zn.
Lemma 6.2. There is an isomorphism of unital algebra Λ∗(Z
n) → K∗(C(T
n)) uniquelly
defined on generators of Zn by ei 7→ [ui].
Proof. Since the product
K1(C(T
n))×K1(C(T
n))→ K0(C(T
n))
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is skew-symetric and by the universal property of the exterior algebra, the morphism of
abelian groups
Zn → K1(C(T
n)); ei 7→ [ui]
extends in a unique way to a morphism of unital Z2-graded algebras
Λ∗(Z
n)→ K∗(C(T
n)).
This is clearly an isomorphism for n = 1. Since we have isomorphisms of Z2-graded algebras
Λ∗(Z
n) ∼= Λ∗(Z
n−1)⊗ Λ∗(Z
2)
and
K∗(C(T
n)) ∼= K∗(C(T
n−1)⊗K∗(C(T)),
the result follows for all other positive integers n by induction. 
In what follows below we write zk,l for the k, l-th component of T
n(n−1)
2 for all 1 ≤ k < l ≤ n.
Then π1
(
T
n(n−1)
2
)
∼= Z
n(n−1)
2 has generators {γi,j := [νi,j] : 1 ≤ i < j ≤ n} with
νi,j : [0, 1]→ T
n(n−1)
2 (νi,j)(k,l)(θ) =
{
e2πiθ if (k, l) = (i, j)
1 else
}
.
Let Mi,j denote the automorphism of the fibre Λ∗(Z
n) ∼= K∗(C(T
n)) on the K-theory bundle
K∗(C
∗(Hn)) at (1, . . . , 1) ∈ T
n(n−1)
2 given by the action of the generator γi,j = [νi,j] ∈
π1(T
n(n−1
2 ). It is given by ǫ1,∗ ◦ ǫ
−1
0,∗ where
ǫl : γ
∗
i,j(C
∗(Hn)) −→ C
∗(Hn)(1,...,1) ∼= C(T
n)
is the evaluation at l = 0, 1 of the C[0, 1]-algebra ν∗i,j(C
∗(Hn)). Since we have the obvious
idenfication
ν∗i,j(C
∗(Hn)) ∼= ν
∗
i,j(C
∗(Hn)|Ti,j ),
where on the right hand side we identify νi,j with the standard positively oriented para-
matrization of the basic circle Ti.j, we obtain from Lemma 6.1 a canonical isomorphism of
C[0, 1]-algebras
ν∗i,j(C
∗(Hn)) ∼= ν
∗(C∗(H2))⊗ C(T
n−2))
with
ν : [0, 1]→ T; θ 7→ e2iπθ.
The automorphismMi,j is therefore induced by the action of the positive generator of π1(T) ∼=
Z on C∗(H2), and it is then straightforward to check:
Proposition 6.3. For any ordered subset J = {i1 < · · · < ik} of {1, . . . , n}, we set
eJ = ei1 ∧ · · · ∧ eik ∈ Λ∗(Z
n),
and for i, j ∈ J such that i < j we denote by mJ,i,j the number of places between i and j in
J . Then
Mi,j · eJ =
{
eJ+(−1)
mJ,i,jeJJ \ {i, j}, if {i, j} ⊂ J
eJ else
}
.
Notice that since π1
(
T
n(n−1)
2
)
is commutative, the matricesMi,j commute with each other!
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Corollary 6.4. The representation
M : π1
(
T
n(n−1)
2
)
−→ GL(K∗(C(T
n))) ∼= GL(Λ∗(Z
n))
arising from the NCP Tn-bundle C∗(Hn)
(
T
n(n−1)
2
)
is injective.
Proof. Let (ni,j)1≤i<j≤n be an element of π1
(
T
n(n−1)
2
)
∼= Z
n(n−1)
2 . Then the action of
(ni,j)1≤i<j≤n on K∗(C(T
n)) is given by
M
(
(ni,j)1≤i<j≤n
)
=
∏
1≤i<j≤n
M
ni,j
i,j .
We have
M
(
(ni,j)1≤i<j≤n
)
· ek ∧ el = ek ∧ el+nk,l
for any (k, l) with 1 ≤ k < l ≤ n. Therefore, M
(
(ni,j)1≤i<j≤n
)
is the identity map if and
only if ni,j = 0 for every 1 ≤ i < j ≤ n. 
Let us now denote for z ∈ T
n(n−1)
2 by Mi,j,z the action of the oriented generator of
π1
(
T
n(n−1)
2
)
∼= Z
n(n−1)
2 on K∗((C
∗(Hn)z)) corresponding to 1 ≤ i < j ≤ n and by
Mz : π1
(
T
n(n−1)
2
)
→ GL(K∗(C
∗(Hn)z))
the action of π1
(
T
n(n−1)
2
)
on K∗(C
∗(Hn)z). Since Mz and M are conjugate, we see that Mz
is also injective for any z ∈ T
n(n−1)
2 .
We now describe for a continuous map f : X → T
n(n−1)
2 , with X a path connected locally
compact space, the action
Mfx : π1(X)→ GL(K∗(C
∗(Hn)f(x)))
arising for any x ∈ X from the K-fibration f∗(C∗(Hn)). We proceed as we did in the proof
of Proposition 5.2. For γ ∈ π1(X) represented by a continuous map g : T → X, the loop
f ◦ g : T→ T
n(n−1)
2 is homotopic to
(
ν
〈fi,j ,γ〉
i,j
)
1≤i<j≤n
, where
f(x) = (fi,j(x))1≤i<j≤n ∈ T
n(n−1)
2
for any x ∈ X (and the parametrisation νij of the basic circle Tij is viewed as a function
νij : T→ T
n(n−1)
2 ). Thus we obtain
(6.1) Mfx (γ) =
∏
1≤i<j≤n
M
〈fi,j ,γ〉
i,j,f(x)
.
Since for any continuous functions hj : X → T, j = 1, 2 and any γ ∈ π1(X), we have
〈h1h2, γ〉 = 〈h1, γ〉+ 〈h2, γ〉,
we get
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Lemma 6.5. Let f1, f2 : X → T
n(n−1)
2 be continuous functions such that f1(x) = f2(x) =
(1, . . . , 1) ∈ T
n(n−1)
2 for some fixed base point x ∈ X. Then, for any γ ∈ π1(X), we have
Mf1·f2x (γ) =M
f1
x (γ) ◦M
f2
x (γ)
in GL(K∗(C(T
n))).
We close this section by an explicit description of the action of π1(X) in the case n = 3 if
the fibre at x is C(T3):
Lemma 6.6. Let A(X) be an NCP T3-bundle over the path connected space X with clas-
sification data ([q : Y → X], f) such that f(x) = 1 for some fixed x ∈ X. Choose
{1, e1 ∧ e2, e2 ∧ e3, e1 ∧ e3} as a basis for the even part and {e1, e2, e3, e1 ∧ e2 ∧ e3} as a
basis for the odd part of K∗(C(T
3)) = Λ∗(Z
3). Then the action of γ ∈ π1(X) on the even
and odd parts of K∗(C(T)) = Λ∗(Z
3) is given with respect to those bases by the matrices

1 〈f12, γ〉 〈f23, γ〉 〈f13, γ〉
0 1 0 0
0 0 1 0
0 0 0 1

 and


1 0 0 〈f23, γ〉
0 1 0 −〈f13, γ〉
0 0 1 〈f12, γ〉
0 0 0 1

 ,
respectively.
Proof. This follows from a straightforward computation using Proposition 6.3. 
7. RKK-equivalence of NCP torus bundles and the K-theory bundle
In this section we want to study RKK-equivalence of NCP Tn-bundles A(X) and B(X)
in terms of the K-theory bundles K∗(A(X)) and K∗(B(X)). Of course, one cannot expect a
complete result because for this one would expect to need a much finer invariant. However,
as it turns out below, some partial answers can be given. In particular, we can see from the
K-theory bundle whether A(X) is RKK-equivalent to a commutative principal bundle over
X. We start with
Proposition 7.1. Let X be a path connected locally compact space, and let f : X → T
n(n−1)
2
be a continuous map. Then, for all x ∈ X, the action
Mfx : π1(X)→ GL(K∗(C
∗(Hn)f(x)))
arising from the NCP Tn-bundle f∗(C∗(Hn)) is trivial if and only if f is homotopic to a
constant map.
Proof. We denote by [X,T] the set of homotopy classes of continuous functions from X to
T. The pointwise product of functions provides an abelian group structure on [X,T]. If
h : X → T is a continuous functions, we denote by [h] its homotopy class. Recall that if [T]
is the oriented generator of H1(T,Z) ∼= Z, then the map
[h] 7→ h∗([Z])
induces a group isomorphism
[X,T] ∼= H1(T,Z)
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(because T is a K(Z, 1)-space). If γ is an element of π1(X), then we denote by [γ] its class in
H1(X,Z) ∼= π1(X)/[π1(X), π1(X)].
Under these notations, the number 〈h, γ〉 is given by the pairing 〈[h], [γ]〉 between a homology
and a cohomology class. If f : X → T
n(n−1)
2 is homotopic to the constant c = f(x), then
〈[fi,j], [γ]〉 = 0 for any 1 ≤ i < j ≤ n and thus M
f
x (γ) is the identity map on K∗(C
∗(Hn)f(x)).
Conversally, if Mfx is the trivial morphism, this means that 〈[fi,j], [γ]〉 = 0 for any γ ∈ π1(X)
and thus 〈[fi,j], ω〉 = 0 for any ω ∈ H1(X,Z). Since
H1(X,Z)→ H1(X,Z)
∗; α 7→ 〈α, •〉
is an isomorphism, the map fi,j is homotopic to a constant map for any 1 ≤ i < j ≤ n and
therefore so is f . 
The following theorem is now a direct consequence of the above proposition together with
Remark 4.4 and Lemma 4.7 :
Theorem 7.2. Let A(X) be an NCP Tn-bundles over the path connected space X and let
f : X → T
n(n−1)
2 be the continuous map associated to A(X) as in Theorem 2.3. Then the
following are equivalent:
(i) f is homotopic to a constant map.
(ii) The K-theory bundle K∗(A(X)) is trivial.
(iii) A(X) is RKK(X; ·, ·)-equivalent to C0(Y ) for a (commutative) principal T
n-bundle
q : Y → X.
In what follows next, we want to study whether the above result can be extended in order
to compare two NCP Tn-bundles A(X) and B(X) up to twisting by suitable commutative
Tn-bundles. Recall from Section 2 that if A(X) is a NCP Tn-bundle and if Ψ ∈ GLn(Z),
then AΨ(X) denotes the NCP T
n-bundle which we obtain from A(X) by composing the Tn-
action with Ψ−1. Since the underlying C*-algebra bundle is not changed at all, and since our
study of RKK-equivalence is after forgetting the Tn-action, we see that A(X) andAΨ(X)
are RKK-equivalent since they are equal after forgetting the action.
In terms of the classification of NCP Tn-bundles of Section 2, we can therefore deduce
from Theorem 2.10 that the bundles corresponding to the pairs
([q : Y → X], f) and ([qΨ : YΨ → X],Λ2Ψ ◦ f)
are always RKK-equivalent (in fact they are C0(X)-Morita equivalent). More precisely, the
representatives
Y ∗ (f∗C∗(Hn))(X) and YΨ ∗ ((Λ2Ψ ◦ f)
∗(C∗(Hn)))(X)
are isomorphic C*-algebra bundles over X. We notice the following fact
Lemma 7.3. The morphism GLn(Z
n) → GLn(Λ2(Z
n)); Ψ 7→ Λ2Ψ is surjective for n = 2
and has range SL(Λ2(Z
3)) for n = 3.
Proof. For n = 2, we have an isomorphism Λ2(Z
2)
∼=
−→ Z; x ∧ y 7→ det(x, y) and under this
identification Λ2Ψ is detΨ.
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For n = 3 we have an isomorphism Λ2(Z
3)
∼=
−→ (Z3)∗; x∧ y 7→ [z 7→ det(x, y, z)] and under
this identification Λ2Ψ is detΨ ·
tΨ−1, thus Ψ 7→ Λ2Ψ has range SL(Λ2(Z
3)). 
On the other hand, we know that RKK-equivalence between A(X) and B(X) induces
an isomorphism of the K-theory bundles K∗(A(X)) ∼= K∗(B(X)), which then implies in
particular that the actions of π1(X) on the fibres K∗(Ax) and K∗(Bx) are conjugated. If we
can arrange things in a way that Ax = Bx = C(T
2) for some fixed x ∈ X, this conjugation is
given by some matrix T ∈ GL(Λn(Z)). Recall from Proposition 5.2 that in case n = 2 and
f(x) = 1 ∈ T the action of γ ∈ π1(X) on K0(C(T
2)) is given by the matrix
(
1 −〈f,γ〉
0 1
)
. In
case n = 3 we get a similar description for the action on K0(C(T
3)) by matrices of the form(
1 tv
0 I3
)
, if we choose a basis of K0(C(T
3)) as in Lemma 6.6. Thus the following lemma
gives a description of the possible conjugation matrices in these cases:
Lemma 7.4. Let v and w be vectors in Zn and let T be a matrix of GLn+1(Z) such that
(7.1) T ·
(
1 tv
0 In
)
=
(
1 tw
0 In
)
· T.
Then there is a matrix X of GLn(Z), depending only on T such that v = X · w.
Proof. If T =
(
a tx
y Y
)
with a in Z, x and y in Zn and Y in GLn(Z), then equation (7.1)
leads to the equalities
y ·t v = 0(7.2)
a tv = tw · Y.(7.3)
From equation (7.2) we get that either y or v vanishes. If y = 0, then T is triangular and
adetY = ±1. In particular the matrix Y is invertible, a = ±1 and from equation (7.3) we
get that v = a tY w, so we can take X = a tY . If v = 0, then since T is invertible, w = 0 and
thus we can choose X = In. 
Theorem 7.5. Let X be a locally compact path connected space and let A(X) and B(X)
be NCP Tn-bundles over X. Let f, g : X → T
n(n−1)
2 be the continuous maps associated to
A(X) and B(X), respectively, via the classification of NCP Tn-bundles of Theorem 2.3 and
consider the following statements:
(i) There exist principal Tn-bundles Y and Z over X such that Y ∗A(X) and Z ∗B(X)
are RKK-equivalent.
(ii) The group bundles K∗(A) and K∗(B) are isomorphic as Z/2Z-graded group bundles.
(iii) f is homotopic to A ◦ g for some A ∈ GL(Λ2(Z
n)).
Then, if n = 2, all these statements are equivalent. If n = 3, then (i) =⇒ (ii) =⇒ (iii), and
(iii) =⇒ (i) if A ∈ SL(Λ2(Z
3)). If n > 3, then (i) =⇒ (ii) and (iii) =⇒ (i) if A = Λ2Ψ for
some Ψ ∈ GL(n,Z).
Remark 7.6. In case n = 3 the obstruction for proving (iii) =⇒ (ii) is given by the problem,
whether the pullback f∗C∗(H3) is RKK-equivalent to C
∗(H3) as C*-algebra bundle over T
3,
where f : T3 → T3 is the map f(z1, z2, z3) = (z¯1, z¯2, z¯3). We believe that this is true, but we
are not able to prove it. In dimensions n > 3 the situation is much more mysterious.
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Proof. Since the assertions (i), (ii) and (iii) are left invariant under passing from A(X) to
Y ∗ A(X) (and similarly for B(X)), which is clear for (i) and (iii) and follows from Lemma
4.7 for (ii), we may as well assume that A(X) = f∗(C∗(Hn)) and B(X) = g
∗(C∗(Hn)). Then
(i) implies (ii) is a consequence of Remark 4.4.
Let us now assume that condition (ii) is satisfied. Let us fix some x ∈ X. Since homotopies
of NCP torus bundles provide RKK-equivalences by Corollary 3.3, and thus isomorphisms of
the associated K-theory group bundles by Remark 4.4, we can replace f and g by homotopic
functions. Moreover, T
n(n−1)
2 being a connected group, we can in fact assume that f(x) =
g(x) = 1. Since the group bundles K∗(f
∗C∗(H2))) and K∗(g
∗C∗(H2)) are isomorphic, the
corresponding actions of π1(X) on K0(C(T
n(n−1)
2 )) ∼= Λev(Z
n) are conjugate by a matrix
T ∈ GL(Λev(Z
n)) (note that the action of π1(X) on K∗(C(T
n)) ∼= Λ∗(Z
n) preserves the
grading). If n = 2, it follows then from Proposition 5.2 that for any γ in π1(X), we have
T ·
(
1 〈f, γ〉
0 1
)
=
(
1 〈g, γ〉
0 1
)
· T,
which implies by Lemma 7.4 that 〈f, γ〉 = ǫ〈g, γ〉 for every γ in π1(X), with ǫ = ±1. Since
〈f · g−ǫ, γ〉 = 〈f, γ〉 − ǫ〈g, γ〉, this implies arguing as in the proof of Proposition 7.1 that f
and gǫ are homotopic and hence (iii).
In case n = 3 we can argue similarly: using Lemma 6.6 together with Lemma 7.4, we see,
as in the case n = 2, that (ii) implies the existence of some A ∈ GL(Z3) (= GL(Λ2(Z
3)))
such that 
〈g1, γ〉〈g2, γ〉
〈g3, γ〉

 = A

〈f1, γ〉〈f2, γ〉
〈f3, γ〉

 =

〈(A ◦ f)1, γ〉〈(A ◦ f)2, γ〉
〈(A ◦ f)3, γ〉

 .
Hence, combining Lemma 6.5 with the proof of Proposition 7.1 this implies that g is homo-
topic to A ◦ f for some A in GL(Λ2(Z
3)).
Let us finally assume (iii). As mentioned before we may assume that A(X) = f∗(C∗(Hn))
and B(X) = g∗(C∗(Hn)). If g = A ◦ f with A = Λ2Ψ for some Ψ ∈ GLn(Z), then it follows
from Theorem 2.10 that g∗(C∗(Hn)) = (Λ2Ψ◦f)
∗(C∗(Hn)) is isomorphic to f
∗(C∗(Hn)) as a
C*-algebra bundles over X. In particular, it follows that f∗(C∗(Hn)) is RKK-equivalent to
g∗(C∗(Hn)). In case n = 2, the range of Ψ 7→ Λ2Ψ is all of GL(Λ2(Z
2)) = GL1(Z). In case
n = 3, the range is SL(Λ2(Z)) (see Lemma 7.3). This finishes the proof. 
8. Applications to T -duality with H-flux
In this section we want to discuss an application of our results to the study of T -duals
with H-flux, as studied by Mathai and Rosenberg in [23, 24]. We shall restrict ourselves to
the mathematical point of view and refer to the above cited papers (and the references given
there) for physical interpretations of the theory.
Following the approach of [23, 24] we start with a fixed principal Tn-bundle q : Y → X
together with a Dixmier-Douady class δ ∈ H2(X,Z) (which is called an H-flux in [23]). It
is then shown in [24] that a (commutative or non-commutative) T-dual only exists if the
restriction of δ to the fibres Yx ∼= T
n are trivial. In that case the corresponding stable
continuous trace algebra CT (Y, δ) carries a canonical structure as a C*-algebra bundle over
X with fibres C(Yx,K) ∼= C(T
n,K) for all x ∈ X, and there exists at least one action
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β : Rn → Aut(CT (Y, δ)) which covers the given action on the base Y . A T-dual in the sense
of Mathai-Rosenberg is then given by the crossed product CT (Y, δ)⋊β R
n.
If the action β can be chosen in such a way that the crossed product CT (Y, δ)⋊Rn is again
a continuous-trace algebra, then it is shown in [23, 24], using much earlier results from [27],
that it is isomorphic to an algebra of the form CT (Ŷ , δ̂) for a Tn-principal bundle qˆ : Ŷ → X
and a suitable Dixmier-Douady class δ̂ ∈ H3(Ŷ ,Z), such that the dual action of Rn on
CT (Y, δ)⋊Rn ∼= CT (Ŷ , δ̂) covers the action on the base as explained before. In this case the
bundle CT (Ŷ , δ̂) is called a classical T-dual of CT (Y, δ). It is shown in [24, Proposition 3.3]
that classical duals, if they exist, are essentially unique.
The main result of [24] is then a characterization of those bundles CT (Y, δ) which do have
a classical dual in the above sense (see [24, Theorem 3.1]). As an application of our results
we shall give a purely K-theoretical characterization of existence of classical duals. Note first
that all T-duals are at least locally isomorphic to NCP Tn-bundle in our sense. We start with
Lemma 8.1. Suppose that Y = X×Tn and δ|X×{1} is trivial. Suppose further that β : R
n →
Aut(CT (X ×Tn, δ)) is an action which covers the obvious action of Rn on the base X ×Tn.
Then there exists an action α : Zn → Aut(C0(X,K)) such that
CT (X × Tn, δ) ⋊β R
n ∼M C0(X,K) ⋊α Z
n
where here ∼M denotes Morita equivalence of C*-algebra bundles over X. In particular, the
T-dual CT (X × Tn, δ) ⋊β R
n is Morita equivalent to an NCP Tn-bundle over X.
Proof. If we restrict β to Zn, we obtain a fibre-wise action of Zn on CT (X × Tn, δ), which
then restricts to a fibre-wise action α of Zn on C0(X,K) = CT (X × {1}, δ|X×{1}). It follows
then from [6, Theorem] that the systems(
CT (X × Tn, δ), Rn, β
)
and
(
IndR
n
Zn C0(X,K), R
n , Indα
)
are isomorphic, and then Green’s imprimitivity theorem gives the desired Morita equivalence,
which is easily checked to be compatible with the bundle structures over X. 
As an easy consequence we get:
Proposition 8.2. Assume that q : Y → X is a principal Tn-bundle with H-flux δ ∈ H3(Y,Z)
and let β : Rn → Aut(CT (Y, δ)) be an action which covers the given action on Y . Then for
any y ∈ Y there exists an Rn-invariant neighbourhood V of y such that CT (V, δ|V ) ⋊ R
n is
C0(U)-Morita equivalent to some NCP T
n-bundle over U .
Proof. We first choose a trivializing Rn-invariant neighbourhood V of y such that V ∼= U×Tn
as Rn-space. By passing to a smaller neighbourhood of x = q(y) ∈ U if necessary, we may
assume without loss of generality that δ|U is trivial. Hence the result follows from Lemma
8.1 above. 
Corollary 8.3. Let q : Y → X be a principal Tn-bundle with H-flux δ ∈ H3(X,Z) such that
there exists an action β of Rn on CT (Y, δ) which covers the given action on Y . Consider
CT (Y, δ) and the T-dual CT (Y, δ)⋊Rn as C*-algebra bundles over X. Then both bundles are
are locally RKK-trivial and RKK(X; ·, ·)-equivalent to each other (up to a dimension shift of
order n).
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Proof. This follows from Theorem 3.5, Proposition 8.2 and Corollary 3.4. 
Lemma 8.4. Let q : Y → X be a principal Tn-bundle over X and let δ ∈ H3(Y,Z) such that
δ vanishes on the fibres Yx ∼= T
n. Assume further that ∆ is a compact contractible space and
that F : ∆→ X is continuous map. Then
F ∗CT (Y, δ) ∼= C(∆× Tn,K)
as C*-algebra bundles over X, such that the corresponding homeomorphism of the base F ∗Y ∼=
∆×Tn is Tn-equivariant. In particular, CT (Y, δ) is a K-fibration in the sense of Definition
4.1.
Proof. The result follows easily from the fact that F ∗(CT (Y, δ)) is a continuous trace algebra
over F ∗ Y = ∆× Tn (since ∆ is contractible) such that the Dixmier-Douady class vanishes
on the fibre Tn. Then a classical result on fibre bundles (e.g. see [16]) implies that that
the underlying bundle of compact operators over ∆ × Tn corresponding to F ∗(CT (Y, δ)) is
trivial, and hence F ∗(CT (Y, δ)) ∼= C(∆× Tn,K). 
It follows from this lemma that whenever q : Y → T is a principal Tn-bundle with H-flux
δ such that the restriction of δ to the fibres is trivial, we can consider the K-theory group
bundle K∗(CT (Y, δ)) over X as introduced in Definition 4.3.
If β : Rn → Aut(CT (Y, δ)) is an action which covers the given Rn-action on Y , then
the restriction of β to Zn ⊆ Rn acts trivially on Y , and therefore is a fibre-wise action on
CT (Y, δ). Since the fibres are isomorphic to the compact operators on separable Hilbert
space, we get, as explained in §2, a Mackey-obstruction [ωy] ∈ H
2(Zn,T) which classifies the
action on the fibre Ky of CT (Y, δ). The resulting map
f˜ : Y → H2(Zn,T) = T
n(n−1)
2
is constant on Rn-orbits (see [13, Theorem 2.3]), and hence on the fibres Yx = q
−1(x) of the
principal bundle q : Y → X. Thus f˜ factors through a well defined map
f : X → T
n(n−1)
2
which we call the Mackey-obstruction map for the T-dual CT (Y, δ) ⋊β R
n. Of course, if we
locally realize the T-dual as an NCP Tn-bundle as in Proposition 8.2, then f restricts to the
Mackey-obstruction map of that NCP Tn-bundle as it shows up in the classification data of
those bundles (see §2). We are now ready to formulate the main result of this section, which
builds on the work of Mathai and Rosenberg in [24]:
Theorem 8.5. Suppose that q : Y → X is a principal Tn-bundle with H-flux δ ∈ H3(Y,Z)
such that δ vanishes on the fibres Yx ∼= T
n. Assume that X is path connected. Then the
following are equivalent:
(i) There exists a classical T-dual for CT (Y, δ).
(ii) The action of π1(X) on the fibres K∗(C0(Yx,K)) ∼= K
∗(Tn) is trivial.
(iii) The K-theory group bundle K∗(CT (Y, δ)) over X with fibres K∗(C0(Yx,K)) ∼= K
∗(Tn)
is trivial.
(iv) For any action β : Rn → Aut(CY (Y, δ)) which covers the given action on Y , the
corresponding Mackey-obstruction map f : X → T
n(n−1)
2 is homotopic to a constant.
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Proof. The equivalence of (ii) and (iii) is obvious and the equivalence of (i) and (iv) has been
shown by Mathai and Rosenberg in [24, Theorems 2.3 and 3.1]. It thus remains to show the
equivalence of (ii) and (iv). If β is an action as in (iv) we have seen in Corollary 8.3 that
CT (Y, δ) is RKK-equivalent to the T-dual CT (Y, δ)⋊β R
n, and hence they have isomorphic
K-theory bundles and conjugate actions of π1(X) on the fibres.
Choose a fixed base-point x and let ν : T → X be a continuous map with ν(1) = x
representing a given class γ ∈ π1(X,x). Then ν
∗Y is isomorphic to the trivial bundle T×Tn,
since H2(T,Z) = {0}. It follows that ν∗CT (Y, δ) is isomorphic to CT (T × Tn, ν∗δ) as a
C*-algebra bundle over T. Since H3(T,Z) = {0}, it is clear that ν∗δ|T vanishes, and thus it
follows from Lemma 8.1 that
ν∗
(
CT (Y, δ)⋊β R
n
)
= CT (T× Tn, ν∗δ)⋊ν∗β R
n ∼M C(T,K)⋊α Z
n
where α is given by the restriction of ν∗β to Zn evaluated at T. In particular, the Mackey-
obstruction map fν = f ◦ ν of ν
∗β coincides with the Mackey-obstruction map for α. We
then get
ν∗
(
CT (Y, δ)⋊β R
n
)
∼M C(T,K)⋊α Z
n ∼M f
∗
νC
∗(Hn),
where the last Morita equivalence follows from our classification of NCP torus bundles to-
gether with the fact that all commutative torus bundles over T are trivial. We may then
conclude as in §6 that the map M : π1(X) → GL(K∗(C(Yx,K)) ∼= GL(K∗(C
∗(Hn)f(x)))
is given on γ precisely by the formula given in equation (6.1) (notice that the identification
GL(K∗(C(Yx,K))) ∼= GL(K∗(C
∗(Hn)f(x)))) can be done independently from the given choice
of γ). In particular, it follows then from Proposition 7.1 that this action is trivial if and only
if f is homotopic to the identity, which now finishes the proof. 
9. Some final comments
As mentioned in the introduction, the main object of this paper is to present an interest-
ing class of examples of C*-algebra bundles which are K- or KK-fibrations in the sense of
Definition 4.1. The structure of being such fibration provides a new topological invariant,
namely the K-theory group bundle of the fibration, and the results of this paper show that
this invariant can be quite useful for the study of the structure of such non-commutative
fibrations. In particular, the K-theory group bundle is an obstruction for RKK-triviality.
In the forthcoming paper [10], we shall show that there are many more interesting ex-
amples of K- or KK-fibrations, and we shall proof a complete version of the Leray-Serre
spectral sequence for all such fibrations, which will be a much stronger obstruction for RKK-
equivalence. In fact, we shall see in that paper that in case of NCP Tn-bundles the spectral
sequence combines with the results of this paper give a complete description which NCP
Tn-bundles are RKK-trivial (i.e., RKK-equivalent to C0(X × T
n)).
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